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Abst rac t - - In  this paper, we consider the scattering properties of a dielectric perturbed half- 
space situated over a perfectly conducting plane P. We first analyze the influence of a short range 
perturbation of the physical properties (dielectric and magnetic) of the medium on electromagnetic 
fields, then we investigate the case when the conducting plane is replaced by an electromagnetic 
grating, for a suitable polarization of the fields. In these two situations, we give an estimate for the 
decay of local energy. 
Keywords--Electromagnetic scattering, Waves, Asymptotic behaviour, Propagation, Local en- 
ergy. 
1. INTRODUCTION AND PHYSICAL MOTIVATIONS 
Our motivation is the modelling of a metallic interface covered with a dielectric layer, together 
with the influence of the physical properties of the system on the scattering of exterior signals. 
This physical situation is considered in various physical contexts among which two are important 
for applications: absorbing layers design [1], where the "ground" surface is a plane, and composite 
electromagnetic gratings [2,3], where the conducting surface is cylindrical, and the initial data 
are polarized according to this particular geometry. 
In most of theoretical results concerning these systems, the point of view is time-independent 
and leads to the response of the layer under the action of an incident plane wave with a (para- 
metric) fixed frequency. As the properties of the layer are not constant, some explicit results are 
known only in a one-dimensional system for specific profiles [1], the results for higher dimension- 
ality being essentially numerical. 
On the other hand, it is known that a good knowledge of scattering processes relies, when it 
is possible, on the decay in time of local energy [4], as this decay incorporates the geometry and 
the variations of the coefficients of the differential operators involved in the problem [4,5]. A 
number of such decay results are known when the "scattering system" (the obstacle) is bounded 
(see [4,61). 
In [7], we have extended part of these results to the case when the obstacle has an infinite 
boundary, for the wave equation. We show here that the same method can be applied to our 
simple electromagnetic model. 
Let us first consider the ideal problem of decay in time of local energy for "free" electromagnetic 
waves, solutions of the Maxwell's system, in the half-space: R 3 = {x = (x t, x3), x3 > 0}, with + 
perfectly conducting boundary conditions on the plane F = {x = (x', x3), x3 = 0}. 
We thank C. Bardos for helpful discussions during the preparation ofthis work. 
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OtH = -V  x E, for (x, t) 6 ~ x [0, +oo), 
OrE = V x H, for (x, t) 6 f~ x [0, +oo), 
V .  H = 0, for (x, t) 6 f ' /x [0, +co), 
V .  E = 0, for (z, t) • f~ x [0, +oo), 
E(x, 0) = E0(x), for x • f~, 
H(x, 0) = H0(z), for x • f~, 
E x n = 0, for (x,t) • r  x [0,+co), 
H -  n = O, for (x, t) • F x [0, +oo). 
(1) 
If E0 and H0 are regular initial data, compactly supported in the ball B(0, R) , i t  is easily checked 
by an explicit computation that there exists a ball B(0, R') and a positive T such that, for t > T, 
the solution of (1) is zero in B(0, R'). 
Now if we cover the plane with a dielectric layer with dielectric onstants independent of the 
tangential x' variables, it is known that some guided waves may propagate inside this (open) 
electromagnetic wave guide (see [8] for a general study of these stratified media). In this case, 
some energy may be trapped inside the layer. 
Between these two extreme situations, we can investigate the intermediate case of a layer which 
becomes asymptotically "free" as x --~ oo in the half-space g/: its properties approach those of 
the vacuum at large distance (in the SchrSdinger context, this situation would correspond to a 
short range impurity). 
So we consider the electromagnetic Maxwell vector fields E, H, D -- cE and B -- #H, solution 
of the following initial boundary problem for the Maxwell system in f~, in the absence of charges 
and currents: 
0tB = -V  x E, for (x, t) e f~ x [0, +oo), 
OtD = V x H, for (x, t) E f~ x [0, +co), 
V.  B = 0, for (x, t) 6 f~ x [0, +co), 
V .  D = 0, for (x, t) e a x [0, +oo), 
E(x, 0) = E0(x), for x e f l ,  
H(z,  0) = H0(x), for x 6 f~, 
D x n = 0, for (z,t) 6 F x [0,+oo), 
B .  n = 0, for (x, t) e l" x [0, +oo). 
(2) 
We suppose that the electromagnetic properties of the medium are described by the two regular 
(C 1) functions e = e(x) (dielectric permittivity), and # -- #(x) (magnetic permeability), such 
that: e(x) >_ 1, #(x) > 1, approaching asymptotically the corresponding quantities for the 
vacuum e0 and #0, when Ixl is large, at a sufficient rate: 1 
e(x) - 1 <_ Clx1-2-~, for Ixl > R1, (3) 
and 
#(x) - 1 < Clx1-2-°, for Ixl > R1, (4) 
where c~ is a positive number. 
We suppose that each field E0 and H0 is regular and compactly supported in f~, say in 
(C~°(f~)) 3, and we consider the following quantities: 
1. The electromagnetic energy density: e = ½(D • E + B .  H), 
2. the energy flow density: S = E × H, 
lwe choose, in all the paper, a system of units such that e0 = #o = 1. 
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3. the momentum density: G = D × B, 
4. the Maxwell stress tensor: T = ½(D. E + B • H)Z  - DE - BH. 
The local energy of any solution of (2), in a given bounded region w C f~, is defined by 
1 f~ (elE]2 + ~lHi2) dx, E(w,t)  = -~ 
and we denote by E0 = E(f~, t) = E(i2, 0) the conserved, total electromagnetic energy. 
As contrasting with the scalar case of the wave equation, the multiplicator technique used 
in [7] seems difficult to be worked out directly in the vector case: it would require probably 
a tensor multiplicator, difficult to guess, due to the incorporation of the boundary conditions, 
which couple nontrivially the components of the fields. 
Fortunately, in a paper on the decay of classical Yang-Mills fields, Glassey and Strauss [9] have 
used the invariance of the equations under the action of the conformal group, to give a complete 
set of 15 conservation laws, corresponding to the dimension of the symmetry group. 
Although the conformal symmetry is broken by the inhomogeneity of the medium, these con- 
servation laws can be used as well in the Maxwell case, which bears the same global symmetries. 
Among them, one conservation law leads to an optimal decay of local energy. 
The plan of the paper is the following: in Section 2, we give the decay for the inhomogeneous 
layer, using the conformal invariant of Glassey-Strauss, then (Section 3) we analyze the influence 
of a slight (cylindrical) deformation of the plane interface, on the rate of decay of the local energy, 
when initial data have adapted polarizations (electromagnetic grating). 
2. THE DECAY OF  LOCAL ENERGY 
The result is the following theorem. 
THEOREM 1. I f  the properties of the exterior medium satisfy conditions 3 and 4, and if t is large 
enough, then, for any bounded subset w of 12, the solution of (2) satisfies the following local 
energy estimate 
C 
E(w, t) < t--~-~_  • Eo, 
where the positive constant C depends only on the support of the initiM data. 
We need first the following result. 
LEMMA 1. With the notations defined above, the following identity holds: 
0~¢ = v .  u + ¢, (5) 
where 
and 
¢= (t 2+r  2) e+2tx .  G, 
U=(t  2+r  2) S+2tx .  T, 
(6) 
(7) 
¢ = (~,  - 1) x . s .  (s) 
PROOF. In the absence of currents and charges, the following conservation laws are well known 
(see [101): 
0~e = V. s, (9) 
and 
0tG -- V .T .  (10) 
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Multiplying (9) by r 2 + t 2 gives 
cgt ((r 2 + t2) e) - 2re = V.  ((r 2 +t  2) S) - 2x-S .  (11) 
Then, multiplying (10) by 2tx, we have 
Ot(2tx. G) - 2x. G = V- (2 tx .  T) - 2te. (12) 
Adding these two relations, and using G -- e#S gives (5) | 
We are now in position to prove the theorem. Integrating (5) in the space-time slab f tx  [0, T], 
and using the divergence formula, we find 
~ ¢(x,T)dx- ~ ¢(x,O)dX= ~oT f rU 'ndFdtT ~ooTjfn¢(x,t)dxdt. (13) 
So, we get 
I "  f 
J~ [(t 2 + r ~) e + 2tx  C]~:~ dx - J~ [(t 2 + r~) e + 2tx. C], :0 ~x 
= ((t ~ + r ~) ( s .  ~) + 2t(x-n)e - 2t[(x. D)E  + (x.  B)HI" n) ~et  
+ (e# - 1)S. xdxdt. (14) 
The right-hand side can be simplified, using the boundary conditions: 
S .n  = (E x H) .n  = E x (H.  n) = 0. (15) 
Now, on the conducting surface, we have 
(x. D)E  = e ]EI2(x . n)n. (16) 
Then, using (15), (16), we write the boundary integral in the right hand side of (14): 
~ooT /r2t [e - e[E]2] (x. n)dF dt = O, (17) 
as we have x- n = 0 on the boundary. 
Then, we are led to the inequality 
£ 2 [(T 2 + r 2) e(T) + 2Tx.  G] dx < r2e(O) dx + (e# - 1) S- x dx dt. (18) 
If we suppose that the initial data have their support in the ball B(0, R), we have the majorization 
/a r  2 e(0) _< E0. (19) dx R 2 
Now, as in [5], we use a splitting to estimate the integrals in (18). 
We denote by B~ the ball {Ix[ < OT}, with 0 < 8 < 1, and we split the integrals in (18) as 
follows: 
[(t 2 +r  2) e + 2tx. G]t:T dx-  - 1)S .x  dzdt. 
T 
_<R 2 E0-  [ ( t2+r  2) e+2tx. G]t=TdX+ (e#-l)S.xdxdt (20) 
\BT \B,, 
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In BT, we have 
[2Tx. G I = 2rT[D x B] < rt (D 2 + B 2) _< 2rTae, 
where a = max(supxea e(x), suPxen #(x)). 
So we have the minoration for the first integral in (20): 
Jl =/.  [(e + r')e + 2ix. G]t:~ d~ _>/. [ (T - . )~e-  2~r(~- l)e] d~; 
T T 
SO, 
J l -> (1 - 2aO ÷ 02) T 2 / _  elt= T dx, 
T 
where the factor 1 - 2aO ÷ 02 is positive for e small enough. 
The second integral in (20) is 
J2 -- (e# - 1)x. S dx dr. 
t 
We have 
/o'J..x., /o':. [J.[ <_ e, [E x Hit  <_ e#r 1 (E 2 ÷ H 2) dx dr. 
t t 
But r < Or, so 
I&l- -0 t ~ ,~(n  ~+H ~)exet. 
t 
Then, taking an upper bound for e and #: 
/;£ IJ2[ <_ aO t edxdt. 
t 
The third integral contribution in (20) is 
J3 = - [ [(t 2 + r 2) ~ + 2tx. G],=T dx. 
Jf~ \BT 
We have 
]J31~rj~] - ( t  2+r2)  e+2rTc# I (E  2+H 2) dx 
\B:~ 
<_ f - ( r -T )2e+2rTsup(e(x )  - 1,#(x) - 1) edx. 
J~ \BT 
Now, we can use the finite propagation speed, which tells us that 
3R1 > 0 : e(x, t) = O, if r > R2 + T. 
So we can bound the first term in (29): 
~\BT --(r -- T)2edx < R2Eo. 
In the second part, we use the asymptotic properties (3), (4) of e and #: 
2rT sup (e(x) - 1, iz(x) - 1)e dx < rr-T~-~e ax < 2C rl+a 
\BT  \BT  \BT  
But in (32), we can majorize 1/r by 1/OT, and we obtain finally the bound 
[ 2rTsup(~(x)- 1,.(~)- ~)edx _< ~Eo. 
J~ \BT ( 7  
- -e  dx. 
(21) 
(22) 
(23) 
(24) 
(25) 
(26) 
(27) 
(28) 
(29) 
(3o) 
(31) 
(32) 
(33) 
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Then, putting (31) and (33) into (29): 
JJ3J < R~Eo + 2---~ Eo. 
The last contribution is 
J4 = [ - -  (e# - 1)x. Sdxdt, 
Jo \Bt 
which is decomposed into 
J4 =j[oT' f~\Bt(e#-- l )x 'Sdxdt + ]TTjf\B (c#-- l) x 'sdxdt,  
where T1 is defined by 0TI = R1 (see (3),(4)). 
Using one more time the asymptotic properties of e and #, we find 
[J4[ <- T1 C1 edx dt + rl+------ge dx dt, 
\B~ \Bt 
where, using (30), the constant C1 is ½a(R2 + T1) 2. 
We can majorize 1/r by 1~Or in the second integral, so we obtain 
[J4J<_T1C1E0+E0 (Ot)l+ edxdt. 
Then, 
[J4l _< T1C1Eo + Eo o-i-g-  dr. 
(34) 
(35) 
(36) 
(37) 
(38) 
(39) 
Finally, we have 
[J4[ _< T1C1 + aO1+~T ~ Eo. (40) 
If we summarize the information in (23), (27), (34), and (40), we get the following integro- 
differential inequality 
(1 - 238 + 02) T2e(T) - a0 t~(t) dt <_ C3Eo, (41) 
where 
~(t) =/_  e(x,t) dx. (42) 
JH  L 
Then, with rl = aO/(1 - 2a0 + 02), and C4 = C3/(1 - 2a0 + 02), we write 
tl+nd (t-n / ts~(s)ds)  <_ C4Eo, (43) 
where we have used 
[ /0 [ t(~(t) dt = re(t) dt + re(t) dt 
T I "  
< Eo + ]1 t@(t) dr. (44) 
Then, we obtain 
) d'-t t-n s(~(s) ds <_ C4Eo t -l-n, (45) 
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So, 
and putting into (41): 
fl t C6Eo s¢(s)  ds <_ t v, (46) 
7I 
T2¢(T) <_ CTEo. T". (47) 
Now if we choose a radius p >_ R such that the given bounded region D is included into the  
ball B(0, p), and 0 small enough, say 0 < (p/T), we find that 
/D I (D .E+B.H)dx< C 
-- t2_~?, 
which ends the proof of the theorem. 
(48) 
| 
3. THE CASE OF A CYL INDRICAL  PERTURBATION 
WITH POLARIZED DATA 
We suppose now that the exterior domain ~ is such that 
R 2 × [h0, +c~) c ~ C R: × [h, +~) (49) 
for some h > ho > 0. 
We assume in the following that F = 012 is given by a global equation x3 = ¢(x'), where ¢ is a 
bounded function in C°°(R 2, R+), and, for each x E F, we denote by n the normal exterior to f/. 
Then, the set f~ of the external points, where the scattering takes place, is an unbounded region 
in R 3, exterior to the perfectly conducting surface F, on which we put the following condition. 
CONDITION 1. (Star-shaped) The surface F is said to satisfy the '~tar-shaped" (or S,.q) condi- 
tion if the origin of the coordinates can be chosen in such a way that 
Vx E F, x .  n < 0, 
In [4], following the methods of [11], Morawetz shows that for a compact star-shaped obstacle 
in 11( 3, the preceding result may be improved, and that the decay is actually exponential. The 
proof relies on the properties of the Lax-Phillips semi-group Z(t) (see [6]). In our case, the 
obstacle is unbounded, and this technique is not directly transposable (see [7]). 
Now, if we restrict the surface to be a "cylindrical" perturbation of a plane, which is the 
physical situation in electromagnetic optics [12], and for suitably polarized data, we have the 
following result. 
THEOREM 2. We suppose that the smooth "star-shaped" surface F is cylindrical, defined in the 
orthogonal basis (el, e2, e3), by a global equation x3 = ¢(x'), where ¢ does not depend on the 
variable x2. 
We assume also that the initial data are TE-polarized: 
Eo= Eo(Xl,X3)e2, and Ho= H l (x l ,x3)e l  + H30(Xl,X3)e3, 
and that e(xl, x3) and #(xl ,  x3) satisfy the estimates 
e(r) - 1 ~_ Cr -2-~, £or r > R1, (50) 
and 
#(r) - 1 <_ Cr -2-~, for r > R1, 
where a is a positive number, and r = (x 2 + x2) 1/2 
(51) 
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Then, if t is large enough, for any solution (E, H) of (2), and for any bounded subregion w of 
the half-plane ~2 = {Xl, x3 > 0}: 
C 
E(w, t) <_ t-5-~_ " • Eo, (52) 
where the positive constant C depends only on the geometry of F and the supports of the initial 
data. Moreover,/f the medium is homogeneous (e= # = 1): 
C 
t) < E0. (53) 
PaOOF. In this case, the geometry of the problem is two-dimensional in the variables x = (xl, x3), 
and one can check that the electric field is TE-polarized: E = (0, E, 0). It is also clear that 
formula (13) holds, with r = (x 2 + x2) 1/2. 
Now, due to the boundary condition, we have a Dirichlet condition for the only nonzero com- 
ponent of the field E. So, we see that the boundary integral (17) becomes 
/0 T f r  2te(x. n) dF dt. (54) 
Using the $8  condition, this contribution is negative, and we obtain finally the inequality 
/o / [(T2+r2) e(T)+2Tx. G] dz<_ r2e(O)dz+ (e#- l )S .xdxdt .  (55) 
Now, we can follow the lines of the proof of Theorem 1, to get 
d t 
s~P( s) ds~ (56) tl+v-~ (t-v ~ / <_ C4Eo, 
which gives 
C 
¢(t) < t-~=~_ , • E0. (57) 
We just remark that, in the homogeneous case (e = # -- 1), the last contribution in (55) disap- 
pears, and we obtain 
C 
¢(t) < ~.E0 .  (58) 
4. F INAL  REMARKS 
1. In the homogeneous case (e = # = 1), Morawetz [13] has obtained, using a different 
conservation law, a ( l / t)  decay for the "derivative" electromagnetic energy: 
E'(w,t) = ~ (lEt[ 2 + [Ht[ 2) dx, 
when F is a bounded star-shaped conducting surface. Then, she could deduce that the 
decay for the actual energy is exponential, by using an external argument. Unfortunately, 
her argument is restricted to the bounded case. 
2. Due to the TE polarization in Theorem 2, Maxwell's ystem is equivalent to the scalar wave 
equation for the nonzero component of the electromagnetic f eld, with Dirichlet boundary 
condition. In fact, Zachmanoglou [5] has found in this case for the associated local energy: 
E(u ,  w, t) = 2 + aij (z)OiucOju)dx a decay: C/t 1-v. Then, our result in Theorem 2 
shows that his decay can be improved, using the preceding conformal invariant. 
We just remark that we have improved [14] in a parallel way, a previous result [9] for the 
wave equation, by using a better multiplicator. 
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3. As we noticed before, the decay given by Theorem 1 is related to the conformal invariance 
of the equations, and is "geometrically optimal" in the following sense: the other invariants 
listed in [9] (see also [15]) do not give a result better than quadratic. In particular, we 
obtain in Theorem 2 the same decay as the one found by Melrose [16] for the wave equation 
in an exterior domain with compact boundary, in the even dimension case (n -- 2). 
Now, one can suspect hat  the presence of a "mass term" breaking the conformal symmetry  
more strongly than the heterogeneous medium in Section 2, would alter the decay. This 
is already in the scalar case of the Klein Gordon equation, as remarked by Morawetz and 
Strauss [17,18]. In that  case, the multiplicator method does not provide any precise decay 
of local energy (this can be already suspected in view of the slow decay in time of its 
elementary solution). 
4. As a concluding remark, we recall that the electromagnetic grating considered in Section 3 is 
in fact considered as periodic in physical situations [2], and offers a rich pattern of scattered 
waves, due to this periodicity (Rayleigh-Bloch waves, surface waves, etc.). So, the model 
that  we consider here is only a "truncated" grating. However, as our point of view is time- 
dependent, and as all the physical gratings are bounded, this truncation seems physically 
relevant. Just notice that  if we consider the completely periodic case, together with a mild 
"weakly star-shaped" geometrical hypothesis, we can obtain (see [14]), the decay toward 
zero of local energy, without any precise rate. 
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